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Abstract
In this paper, we investigate the Dirichlet problem for one type of vortex equations, which gener-
alize the well-known Hermitian Yang–Mills equations, over general Hermitian manifolds.
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1. Introduction
Given a holomorphic vector bundle E over a closed (i.e., compact and without bound-
ary) Kähler manifold M , the relation between the existence of Hermitian Yang–Mills
metrics and the stability condition known as the Hitchin–Kobayashi correspondence is by
now well understood due to the work of Narasimhan–Seshadri, Kobayashi, Donaldson, Siu,
Uhlenbeck–Yau and others [3,5,11,12,15,17,19]. The classical Hitchin–Kobayashi corre-
spondence has found important applications. For example, in Donaldson theory, it has
been used in the algebraic context to compute moduli spaces of instantons by algebraic-
geometric methods, and thus had been an important tool in proving spectacular results in
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correspondence has several interesting and important generalization and extensions. The
generalization to Higgs bundles can be found in [8,16]. Different from the Higgs bundles,
Bradlow [1,2] considered holomorphic vector bundles on which additional data in the form
of a prescribed holomorphic global section is given. Bradlow investigated the following
vortex equation:
ΛFH − i2φ ⊗ φ
∗H + λ i
2
Id = 0. (1.1)
Here FH is the curvature of the metric connection determined by ∂¯E and a Hermitian met-
ric H , φ is a holomorphic section of E, φ∗H is the adjoint of φ with respect to metric H ,
i denotes the imaginary unit, and λ is a real number. This equation generalizes the Her-
mitian Yang–Mills (or Hermitian–Einstein) equation (which is recovered by taking φ = 0)
and is the analog of the classical Vortex equation over R2. We will call a Hermitian metric
satisfying (1.1) a Hermitian Yang–Mills–Higgs metric, and Eq. (1.1) will also be called
the Hermitian Yang–Mills–Higgs equation. In [2], Bradlow had proved the equivalence
between the existence of solutions of the above vortex equations and the φ-stability of
holomorphic bundle by minimizing the so called Donaldson’s functional. More recently,
Hong [9] established global existence of smooth solutions to the heat flow for a Hermitian
Yang–Mills–Higgs metric on E, and proved the existence of the Hermitian Yang–Mills–
Higgs metric on the φ-stable holomorphic bundle by studying the limiting behaviour of
the gauge flow. It should be mentioned that the theorem of Li and Yau [14] generalized
the classical Hitchin–Kobayashi correspondence on Gauduchon manifolds (i.e., Hermitian
manifold M , its Kähler form ω satisfying: ∂∂¯ωm−1 = 0, where m is the complex dimen-
sion of M); Buchdahl [4] proved the same result for arbitrary surfaces independently; the
book written by Lübke and Teleman [13] is a good reference for this field.
It is natural to hope that geometric results dealing with closed manifolds will extend
to yield interesting information for manifolds with boundary. In [6], Donaldson solved
the Dirichlet boundary value problem for Hermitian Yang–Mills equations on Kähler
manifolds. In this paper, we want to consider the Dirichlet boundary value problem for
Hermitian Yang–Mills–Higgs equations (1.1) over general Hermitian manifolds (not nec-
essary Kähler). We obtain the following theorem.
Main theorem. Let E be a holomorphic vector bundle over the compact Hermitian man-
ifold M¯ with non-empty boundary ∂M , and φ be a holomorphic section of E. For any
Hermitian metric ϕ on the restriction of E to ∂M there is a unique Hermitian Yang–Mills–
Higgs metric H on E such that H = ϕ over ∂M .
The proof of the main theorem uses the heat equation method. We should point out that
the base manifold (M,g) is non-Kähler then the basic Kähler identities do not hold, so the
non-Kähler case is analytically more difficult than the Kähler case.
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Let (M,g) be a compact m-dimensional (complex) Hermitian manifold, and E be a
rank r holomorphic vector bundle over M . Denote by ω the Kähler form, and define the
operator Λ as the contraction with ω, i.e., for α ∈ Ω1,1(M,E), then
Λα = 〈α,ω〉. (2.1)
A connection A on the vector bundle E is called Hermitian–Einstein if it is integrable and
the corresponding curvature form FA satisfies the following Einstein condition:
iΛFA = λId,
where λ is some real constant. When (M,g) is a Kähler manifold, we know that the con-
nection A must be a Yang–Mills connection. So in this case, A is also called Hermitian
Yang–Mills.
Let H be a Hermitian metric on a holomorphic vector bundle E, and denote the holo-
morphic structure by ∂¯E , then there exists one and only one canonical metric connection
(i.e., it is compatible with Hermitian metric H , and its (0,1) component is ∂¯E) which is
denoted by AH . Taking a local holomorphic basis {eα}rα=1, the Hermitian metric H is a
positive Hermitian matrix (Hαβ¯)1α,βr which will also be denoted by H for simplicity,
here Hαβ¯ = H(eα, eβ). In fact, the complex metric connection can be written as
AH = H−1∂H, (2.2)
and the curvature form
FH = ∂¯AH = ∂¯
(
H−1∂H
)
. (2.3)
In the literature sometimes the connection is written as (∂H)H−1 because of the reversal
of the roles of the row and column indices.
Definition 2.1. If H is a Hermitian metric on E, and the corresponding canonical met-
ric connection AH is a Hermitian–Einstein connection, then the metric H is called a
Hermitian–Einstein metric.
It is well known that any two Hermitian metrics H and K on bundle E are related by
H = Kh, where h = K−1H ∈ Ω0(M,End(E)) is positive and self adjoint with respect
to K . It is easy to check that
AH −AK = h−1∂Kh, (2.4)
FH − FK = ∂¯
(
h−1∂Kh
)
. (2.5)
Choosing local complex coordinates {zi}mi=1 on M , as in [10], we define the holomor-
phic Laplace operator for functions
ij¯ ∂
2f∆˜f = −2iΛ∂¯∂f = 2g
∂zi∂z¯j
, (2.6)
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Beltrami–Laplacian operator by ∆. The difference of the two Laplacians is given by a
first-order differential operator
(∆˜−∆)f = 〈V,∇f 〉g, (2.7)
where V is a well-defined vector field on M . The holomorphic Laplace operator ∆˜ co-
incides with the usual Laplace operator if and only if the Hermitian manifold (M,g) is
Kähler.
Let φ be a non-trivial section of E, then we consider the following generalized Yang–
Mills–Higgs functional.
Definition 2.2. We define the generalized Yang–Mills–Higgs functional
YMHλ : A(H)×Ω0(M,E) → R
by
YMHλ(A,φ) = ‖FA‖2L2 + ‖DAφ‖2L2 +
1
4
‖φ ⊗ φ∗ − λId‖2
L2 . (2.8)
Here, using the Hermitian metric H on E, we get identifications E ≈ E∗ and also
E ⊗ E∗ ≈ End(E), A(H) denote connections on E which are compatible with H , φ∗ is
the adjoint of φ taken with respect to H and λ is a real parameter.
For closed Hermitian manifolds, we have the following decomposition result for the
above Yang–Mills–Higgs functional (also [2]).
Proposition 2.3. Suppose that the Kähler form ω satisfies dωm−1 = 0, then the functional
YMHλ : A(H)×Ω0(M,E) → R can be written as
YMHλ(A,φ) = 4
∥∥F 0,2A ∥∥2L2 + 2‖∂¯Aφ‖2L2 +
∥∥∥∥iΛF 1,1A + 12φ ⊗ φ∗ − λ2 Id
∥∥∥∥
2
L2
+ λ
∫
M
i Tr(FA)∧ω[m−1] +
∫
M
Tr(FA ∧ FA)∧ω[m−2]. (2.9)
Here ω[m] = ωm
(m)! and F
0,2
A is the component of FA of type (0,2).
If M is a closed Kähler manifold (i.e., dω = 0), the last two terms in (2.9) do not depend
on the connection A. By Chern–Weil theorem, we know that they are determined by the
first Chern class c1(E) and second Chern character ch2(E) of E, respectively. Then, the
functional YMHλ is bounded below by
2πλC1(E,ω)− 8π2 Ch2(E,ω), (2.10)
where
C1(E,ω) ≡
∫
c1(E)∧ω[n−1] = i
∫
Tr(FA)∧ω[n−1],
M
2π
M
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∫
M
ch2(E)∧ω[n−2] = − 18π2
∫
M
Tr(FA ∧ FA)∧ω[n−2];
and this lower bound is attained at (A,φ) ∈ A(H)×Ω0(M,E) if and only if
F
0,2
A = 0, (2.11)
∂¯Aφ = 0, (2.12)
iΛF
1,1
A +
1
2
φ ⊗ φ∗ = λ
2
Id. (2.13)
The third equation generalizes the Hermitian Yang–Mills (or Hermitian–Einstein) equa-
tion (which is recovered by taking φ = 0) and is the analog of the classical Vortex equation
over R2. For this reason we call Eq. (2.13) the Hermitian Yang–Mills–Higgs or the Vortex
equation.
Definition 2.4. If the Hermitian metric H satisfies the Vortex equation
iΛFH + 12φ ⊗ φ
∗H = λ
2
Id, (2.14)
then we will call it a Hermitian Yang–Mills–Higgs metric. The notation φ∗H emphasizes
that the adjoint is taken with respect to the metric H .
Let H0 be a Hermitian metric on E. Consider a family of Hermitian metrics H(t) on E
with initial metric H(0) = H0. Denote by AH(t) and FH(t) the corresponding connections
and curvature forms, denote h(t) = H−10 H(t). When there is no confusion, we will omit
the parameter t and simply write H,AH ,FH ,h for H(t),AH(t),FH(t), h(t), respectively.
The evolution equation of (2.14) is
H−1 ∂H
∂t
= −2i
(
ΛFH − i2φ ⊗ φ
∗H + i
2
λId
)
. (2.15)
We also call it the Hermitian Yang–Mills–Higgs flow. It is completely equivalent to the
following evolution equation:
∂h
∂t
= −2iΛ∂¯E∂0h+ 2iΛ
(
∂¯Ehh
−1∂0h
)− i(ΛF0h+ hΛF0)+ λh
− hφ ⊗ φ∗H0h, (2.16)
where ∂0 = ∂H0 . By taking a local holomorphic basis {eα}rα=1 on the bundle E and local
complex coordinates {zi}mi=1 on M , then the Hermitian–Einstein flow equation (2.16) can
be written as follows:
∂H
∂t
= −2iΛ∂¯∂H + 2iΛ∂¯HH−1∂H + 2λH −H−10 Hφ ⊗ φ∗H0H−10 H
= ∆˜H + 2iΛ∂¯HH−1∂H + 2λH −H−10 Hφ ⊗ φ∗H0H−10 H, (2.15′)
where H denotes the Hermitian matrix (Hαβ¯)1α,βr . From the above formula, we see
that the Hermitian Yang–Mills–Higgs evolution equation is a non-linear strictly parabolic
equation.
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of E. Then(
∆˜− ∂
∂t
) ∣∣∣∣ΛFH − i2φ ⊗ φ∗H + i2λId
∣∣∣∣
2
H
 0. (2.17)
Proof. By calculating directly, we have
∂
∂t
(ΛFH ) = ∂
∂t
(
Λ∂¯E
(
h−1∂0h
))= Λ∂¯E
(
∂H
(
h−1 ∂h
∂t
))
= −2iΛ∂¯E
(
∂H
(
ΛFH − i2φ ⊗ φ
∗H + iλ
2
Id
))
. (2.18)
For simplicity, we denote ΛFH − i2φ ⊗ φ∗H + i2λId = θ . By calculating directly, we have
∆˜|θ |2H = −2iΛ∂¯∂
{
tr θH−1θ¯ tH
}
= −2iΛ tr{∂¯∂H θH−1θ¯ tH − ∂H θH−1∂H θtH + ∂¯θH−1∂¯θ tH}
− 2iΛ tr{θH−1∂H ∂¯θ tH}= 2 Re〈−2iΛ∂¯∂H θ, θ〉H
+ Re〈[2iΛF 1,1H , θ], θ 〉H +2|∂H θ |2H + 2|∂¯Eθ |2H . (2.19)
On the other hand, it is easy to check the following formulas:
Re
〈
ΛFHφ ⊗ φ∗H + φ ⊗ φ∗HΛFH ,ΛFH
〉
H
= 2|ΛFHφ|2H ,
Re
〈
ΛFHφ ⊗ φ∗H + φ ⊗ φ∗HΛFH ,− i2
(
φ ⊗ φ∗H − λId)〉
H
= (|φ|2 − λ)Re〈−iφ,ΛFHφ〉H ,
Re
〈
iφ ⊗ φ∗H (λId − φ ⊗ φ∗H ),ΛFH 〉H = (|φ|2 − λ)Re〈−iφ,ΛFHφ〉H ,
Re
〈
iφ ⊗ φ∗H (λId − φ ⊗ φ∗H ), i
2
(
λId − φ ⊗ φ∗H )〉
H
= 1
2
|φ|2H
(
λ− |φ|2H
)2
.
Using the above formulas, we have(
∆˜− ∂
∂t
)∣∣∣∣ΛF 1,1H − i2φ ⊗ φ∗H + iλ2 Id
∣∣∣∣
2
H
= 2
∣∣∣∣∇H
(
ΛF
1,1
H −
i
2
φ ⊗ φ∗H + iλ
2
Id
)∣∣∣∣
2
H
+ 1
2
∣∣−i(|φ|2 − λ)φ + 2ΛF 1,1H φ∣∣2H
 0.  (2.17′)
Proposition 2.6. Let H(t) be a solution of heat flow (2.15) on M × [0, T ), φ be a holo-
morphic section of E. Then(
∂ − ∆˜
)
|φ|2H =
(
λ− |φ|2H
)|φ|2H − 2|∂Hφ|2H . (2.20)∂t
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∂
∂t
|φ|2H =
∂
∂t
〈
φ ⊗ φ∗H , Id〉
H
=
〈
φ ⊗ φ∗Hh−1 ∂h
∂t
, Id
〉
H
+ 〈φ ⊗ φ∗H (2iΛFH ), Id〉H
− 〈(2iΛFH )φ ⊗ φ∗H , Id〉H
= 〈φ ⊗ φ∗H (−φ ⊗ φ∗H + λId)− 2iΛFHφ ⊗ φ∗H , Id〉H
and
∆˜|φ|2H = 2|∂Hφ|2H − 2〈iΛFHφ,φ〉H ,
where we have used ∂¯Eφ = 0. From the above equalities we have(
∂
∂t
− ∆˜
)
|φ|2H = −2|∂Hφ|2 +
〈
φ ⊗ φ∗H (−φ ⊗ φ∗H + λId), Id〉
H
= −2|∂Hφ|2 +
(
λ− |φ|2H
)|φ|2H . 
For further discussion, we will introduce the Donaldson’s “distance” on the space of
Hermitian metrics as follows.
Definition 2.7. For any two Hermitian metrics H , K on bundle E set
σ(H,K) = trH−1K + trK−1H − 2 rankE. (2.21)
It is obvious that σ(H,K)  0 with equality if and only if H = K . The function σ is
not quite a metric but it serves almost equally well in our problem, moreover the function σ
compare uniformly with d(· , ·), where d is the Riemannian distance function on the metric
space, in that f1(d) σ  f2(d) for monotone functions f1, f2. In particular, a sequence
of metrics Hi converges to H in the usual C0 topology if and only if SupM σ(Hi,H) → 0.
Denoting h = K−1H , applying −iΛ to (2.5) and taking the trace in the bundle E, we
have
Tr
(
ih(ΛFH −ΛFK)
)= −1
2
∆˜Trh+ Tr(−iΛ∂¯Ehh−1∂Kh). (2.22)
Let H(t), K(t) be two solutions of the heat flow (2.15). Using the above formula, we
have (
∆˜− ∂
∂t
)
Trh(t) = 2 Tr(−iΛ∂¯Ehh−1∂Kh)+ Tr(hφ ⊗ φ∗H − hφ ⊗ φ∗K) (2.23)
and (
∆˜− ∂
∂t
)
Trh−1(t) = 2 Tr(−iΛ∂¯Eh−1h∂Kh−1)
+ Tr(h−1φ ⊗ φ∗K − h−1φ ⊗ φ∗H ). (2.24)
Let {eα} be unitary basis with respect to metric K at the point under consideration, and
suppose that h(eα) = λαeα ,
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hφ ⊗ φ∗H − hφ ⊗ φ∗K + h−1φ ⊗ φ∗K − h−1φ ⊗ φ∗H )
= Tr((h− h−1)φ ⊗ φ∗K(h− Id))
=
r∑
α=1
〈(
h− h−1)φ ⊗ φ∗K(h− Id)(eα), eα 〉
=
r∑
α=1
(λα − 1)
(
λα − λ−1α
)∣∣〈φ, eα〉K ∣∣2
=
r∑
α=1
(λα − 1)2(λα + 1)(λα)−1
∣∣〈φ, eα〉K ∣∣2  0. (2.25)
Using the above formula and the facts [5,17]
Tr
(−iΛ∂¯Ehh−1∂Kh) 0, Tr(−iΛ∂¯Ekk−1∂H k) 0, (2.26)
where k = h−1 = H−1K , we have(
∆˜− ∂
∂t
)(
Trh(t)+ Trh−1(t))
= 2 Tr(−iΛ∂¯Ehh−1∂Kh)+ 2 Tr(−iΛ∂¯Eh−1h∂Hh−1)
+ Tr(hφ ⊗ φ∗H − hφ ⊗ φ∗K + h−1φ ⊗ φ∗K − h−1φ ⊗ φ∗H ) 0.
So we have proved the following proposition.
Proposition 2.8. Let H(t), K(t) be two solutions of heat flow (2.15), then(
∆˜− ∂
∂t
)
σ
(
H(t),K(t)
)
 0. (2.27)
Corollary 2.9. Let H and K be two Hermitian metrics satisfying the Vortex equation
(2.14), then σ(H,K) satisfies
∆˜σ (H,K) 0. (2.28)
3. Proof of main theorem
In this section we will consider the case when M is the interior of a compact Hermitian
manifold M¯ with non-empty boundary ∂M , and the Hermitian metric is smooth and non-
degenerate on the boundary, the holomorphic vector bundle E is defined over M¯ . We will
prove the main theorem by using the heat equation method to deform an arbitrary initial
metric to the desired solution.
For given data ϕ on ∂M we consider the following evolution equation:
H−1 ∂H
∂t
= −2i
(
ΛFH − i2φ ⊗ φ
∗H + i
2
λId
)
,
H(t)|t=0 = H0,
H |∂M = ϕ. (3.1)
76 Z.Y. Li, X. Zhang / J. Math. Anal. Appl. 310 (2005) 68–80Here H0 is an arbitrary smooth initial Hermitian metric satisfying the boundary condition.
Denote h(t) = H−10 H(t), then the evolution equation (3.1) is completely equivalent to
∂h
∂t
= −2iΛ∂¯E∂0h+ 2iΛ
(
∂¯Ehh
−1∂0h
)− i(ΛF0h+ hΛF0)+ λh− hφ ⊗ φ∗H0h,
h(0) = Id,
h|∂M = Id. (3.2)
We know that the above equation is a parabolic equation, so the standard parabolic theory
gives short-time existence [7].
Proposition 3.1. For sufficiently small ε > 0, Eq. (3.2), and so also Eq. (3.1), have a smooth
solution defined for 0 t < ε.
The main points of the proof are to show that the solution of Eq. (3.1) persists for all time
and converges to a limit. First, we want to prove the long-time existence of the Hermitian
Yang–Mills–Higgs flow (3.1). Let H(t) be a solution of the evolution equation (3.1), and
h(t) = H−10 H(t), then∣∣∣∣ ∂∂t (log Trh)
∣∣∣∣=
∣∣∣∣Tr(
∂h
∂t
)
Trh
∣∣∣∣=
∣∣∣∣Trh(−2iΛFH − φ ⊗ φ∗H + λId)Trh
∣∣∣∣
 2
∣∣∣∣iΛFH + 12φ ⊗ φ∗H − λ2 Id
∣∣∣∣
H
, (3.3)
and similarly∣∣∣∣ ∂∂t
(
log Trh−1
)∣∣∣∣ 2
∣∣∣∣iΛFH + 12φ ⊗ φ∗H − λ2 Id
∣∣∣∣
H
. (3.4)
Theorem 3.2. Suppose that a smooth solution Ht to the evolution equation (3.1) is defined
for 0 t < T . Then Ht converge in C0 to some continuous non-degenerate metric HT as
t → T .
Proof. Given ε > 0, by continuity at t = 0 we can find a δ such that
sup
M
σ(Ht ,Ht ′) < ε,
for 0 < t, t ′ < δ. Then Proposition 2.8 and the Maximum Principle imply that
sup
M
σ(Ht ,Ht ′) < ε,
for all t, t ′ > T − δ. This implies that Ht are uniformly Cauchy sequence and converge
to a continuous limiting metric HT . On the other hand, by Proposition 2.5, we know that
|iΛFH + 12φ ⊗ φ∗H − λ2 Id|H are bounded uniformly. Using formula (3.3) and (3.4), one
can conclude that σ(H,H0) are bounded uniformly, therefore H(T ) is a non-degenerate
metric. 
We prove the following proposition in the same way as [5, Lemma 19] and [16,
Lemma 6.4].
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metrics on complex vector bundle E and satisfy the Dirichlet boundary condition, if Ht
converge in C0 to some continuous metric HT as t → T (or ∞), and if supM |ΛFH |2H0
is bounded uniformly in t , then Ht are bounded in C1 and also bounded in Lp2 (for any
p < ∞) uniformly in t .
Proof. First we contend that ht = H−10 Ht are bounded uniformly in C1, and also Ht are
bounded uniformly in C1. If not, then for some subsequence tj there are points xj ∈ M with
sup |∇0h| = lj achieved at xj , and lj → ∞. Here ∇0 = ∇H0 is the canonical connection
induced by the initial Hermitian metric H0. Let dj denote the distance from xj to the
boundary ∂M , then there are two cases.
(1) If lim supdj lj = ε > 0, then we can choose balls of radius  dj around xj and
rescale by a factor of lj
ε
to a ball of radius 1, pull back the matrices hj to matrices h˜j
defined on {z ∈ Cn | |z| < 1}. With respect to the obvious rescaled metrics
sup |∇h˜j | = ε,
is attained at the origin. By the condition of the proposition, we know
|ΛF˜j −ΛF˜0| =
∣∣h˜−1j (Λ∂¯∂0h˜j −Λ∂¯J h˜j h˜−1j ∂0h˜j )∣∣
is bounded in {z ∈ Cn | |z| < 1} and so, since h˜j , ∇h˜j are bounded, |∆˜h˜j | is bounded
independent of j , and also |∆h˜j | is bounded uniformly. By the properties of the elliptic
operator ∆ on Lp spaces, h˜j are uniformly bounded in Lp2 on a small ball. Taking p > 2m,
so that Lp2 → C1 is compact, thus some subsequence of the h˜j converge strongly in C1
to h˜∞. But on the other hand the variation of h˜∞ is zero, since the original metrics ap-
proached a C0 limit, which contradicts
|∇h˜∞|z=0 = lim
j→∞|∇h˜j |z=0 = ε.
(2) On the other hand, suppose lim supdj lj = 0. We may assume xj approach a point y
on the boundary, and let xˇj ∈ ∂M such that dist(xˇj , xj ) = dj , also xˇj approach y. Choose
half-ball of radius 1
lj
around xˇj and rescale by a factor of lj to the unit half-ball. In the
rescaled picture the points xj approach z = 0. After rescaling, |ΛFH | is still bounded,
h˜j is uniformly bounded, and sup |∇h˜j | = 1. Since h˜j satisfies the boundary condition
along the face of the half-ball, as in (1) we can also deduce a contradiction. So ht are
uniformly bounded in C1.
From the above discussion, we know that h(t) and also H(t) are uniformly bounded
in C1. Using formula (2.5) together with the bounds on h, |ΛFH |, and ∇0h we can show
that Λ∂¯E∂0h are uniformly bounded. Elliptic estimates with boundary conditions (see [7]
or [18]) show that h (also Ht ) are uniformly bounded in Lp2 . 
Theorem 3.4. The evolution equation (3.1) has a unique solution H(t) which exists for
0 t < ∞.
Proof. Proposition 3.1 guarantees that a solution exists for a short time. Suppose that
the solution H(t) exists for 0  t < T . By Theorem 3.2, H(t) converges in C0 to a
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Maximum Principle, we conclude that |iΛF 1,1H + 12φ ⊗ φ∗H − λ2 Id|H are bounded inde-
pendently of t . Moreover, from Proposition 2.6, we have(
∂
∂t
− ∆˜
)
|φ|2H 
(
λ− |φ|2H
)|φ|2H .
Assume that |φ|2H attains its maximum on M¯ ×[0, T ) at the point (x0, t0) with 0 < t0 < T ,
x0 ∈ M . If |φ|2H (x0, t0) > |λ|, then(
∂
∂t
− ∆˜
)
|φ|2H (x0, t0) 0.
This contradicts the Maximum Principle of the heat operator. Then |φ|2H must attain its
maximum point at t = 0 or on ∂M . So we have
|φ|2H max
{
sup
M¯
|φ|2H0 , |λ|
}
. (3.5)
So, |ΛF 1,1H |2H0 are bounded independently of t . Hence by Proposition 3.3, H(t) are
bounded in C1 and also bounded in Lp2 (for any 1 < p < ∞) uniformly in t . Since the
evolution equations (3.1) and (3.2) are quadratic in the first derivative of H , we can ap-
ply Hamilton’s method [7] to deduce that H(t) → H(T ) in C∞, and the solution can be
continued past T . Then the evolution equation (3.1) has a solution H(t) defined for all
time.
By Proposition 2.8 and the Maximum Principle, it is easy to conclude the uniqueness of
the solution. 
Proof of main theorem. For given data ϕ on ∂M we consider the evolution equation (3.1).
By Theorem 3.4, we know that there exists a unique solution H(t) of Eq. (3.1). Next, we
want to prove that H(t) will converge to the Hermitian Yang–Mills–Higgs metric which
we want.
Using the Kato’s inequality |∇Hθ |2H  |∇|θ |H |2 for any section θ in End(E), and for-
mula (2.17′), we have(
∆˜− ∂
∂t
)∣∣∣∣iΛFH + 12φ ⊗ φ∗H − 12λId
∣∣∣∣
H
 0. (3.6)
We first solve the following Dirichlet problem on M [18, Chapter 5, Proposition 1.8]:{
∆˜v = −|iΛFH0 + 12φ ⊗ φ∗H0 − 12λId|H0 ,
v|∂M = 0. (3.7)
Set
w(x, t) =
t∫ ∣∣∣∣iΛFH + 1φ ⊗ φ∗H − 1λId
∣∣∣∣ (x, s) ds − v(x).
0
2 2 H
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1
2φ ⊗ φ∗H − 12λId|H (x, t) vanishes on the boundary of M , it is easy to check that w(x, t)
satisfies

(∆˜− ∂
∂t
)w(x, t) 0,
w(x,0) = −v(x),
w(x, t)|∂M = 0.
(3.8)
By the Maximum Principle, we have
t∫
0
∣∣∣∣iΛFH + 12φ ⊗ φ∗H − 12λId
∣∣∣∣
H
(x, s) ds  sup
y∈M
v(y), (3.9)
for any x ∈ M , and 0 < t < ∞.
Let t1  t  t2, and let h¯(x, t) = H−1(x, t1)H(x, t). It is easy to check that
h¯−1 ∂h¯
∂t
= −2
(
iΛFH + 12φ ⊗ φ
∗H − 1
2
λId
)
. (3.10)
Then we have
∂
∂t
log tr(h¯) 2
∣∣∣∣iΛFH + 12φ ⊗ φ∗H − 12λId
∣∣∣∣
H
.
From the above formula, we have
tr
(
H−1(x, t1)H(x, t)
)
 r exp
(
2
t∫
t1
∣∣∣∣iΛFH + 12φ ⊗ φ∗H − 12λId
∣∣∣∣
H
ds
)
. (3.11)
We have a similar estimate for tr(H−1(x, t)H(x, t1)). Combining them, we have
σ
(
H(x, t),H(x, t1)
)
 2r
(
exp
(
2
t∫
t1
∣∣∣∣iΛFH + 12φ ⊗ φ∗H − 12λId
∣∣∣∣
H
ds
)
− 1
)
. (3.12)
From (3.9), (3.12), we know that H(t) converges in C0 to some continuous metric H∞
as t → ∞. Using Proposition 3.3 again, we know that H(t) are bounded in C1 and also
bounded in Lp2 (for any 1 < p < ∞) uniformly in t . On the other hand, |iΛFH + 12φ ⊗
φ∗H − 12λId| is bounded uniformly. Then, the standard elliptic regularity implies that there
exists a subsequence Ht → H∞ in C∞ topology. From formula (3.9), we know that H∞
is the desired Hermitian Yang–Mills–Higgs metric satisfying the boundary condition. The
uniqueness can be easily deduced from Corollary 2.9 and the Maximum Principle. So we
have proved the main theorem. 
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